Abstract. In this article, we present a simply connected symplectic 4-manifold homeomorphic but not diffeomorphic to 3CP 2 #7CP 2 .
Preliminary Version

Introduction
In the past several years there have been flurry of activity in the discovery of exotic smooth structures on simply-connected 4-manifolds with small Euler characteristic. In the 2004, Jongil Park [P2] have produced the first example of exotic smooth structure on CP 2 #7 CP 2 i.e. 4-manifold homeomorphic to CP 2 # 7CP 2 but not diffeomophic to it. Shortly afterwards, András Stipsicz and Zoltán Szabó used a technique similar to Park's to construct an exotic smooth structure on CP 2 # 6CP 2 [SS1] . Then Fintushel and Stern [FS3] introduced a new technique, surgery in double nodes, which demonstrated that in fact CP 2 #k CP 2 , k = 6, 7, 8, have infinitely many distinct smooth structures. Park, Stipsicz, and Szabó [PSS] , using [FS3] , constructed infinitely many smooth structures when k = 5. Stipsicz and Szabó used similar ideas to construct exotic smooth structures on 3 CP 2 #k CP 2 for k = 9 [SS2] and Park for k = 8 [P3] . In this article, we construct exotic smooth structures on 3 CP 2 #7 CP 2 . We also construct exotic symplectic structure on CP 2 #5 CP 2 , the first such symplectic example. Our construction is different from the earlier constructions in the sense that we do not use any rational-blowdown surgery. The techniques used in the proof are the symplectic fiber sum operation and the recent construction of the author of symplectic cohomology S 2 ×S The article is organized as follows. The first two sections give a quick introduction to Seiberg-Witten invariants and a fiber sum operation. In the third section, we review the building blocks for our construction. In sections 4 and 5 we construct symplectic 4-manifolds X and Y homeomorphic but not diffemorphic 3 CP 2 #7 CP 2 and CP 2 #5 CP 2 , respectively.
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Seiberg-Witten Invariants
In this section we review the basics of Seiberg-Witten invariants introduced by Seiberg and Witten. Let us recall that the Seiberg-Witten invariant of a smooth closed oriented 4-manifold X with b + 2 (X) > 1 is an integer valued function which is defined on the set of spin c structures over X [W] . For simplicity we assume that H 1 (X, Z) has no 2-torsion. Then there is a one-to-one correspondence between the set of spin c structures over X and the set characteristic elements of H 2 (X, Z) as following: To each spin c structure s over X corresponds a bundle of positive spinors W + s over X. Let c(s) ∈ H 2 (X) denote the Poincaré dual of c 1 (W + s ). Each c(s) is a characteristic element of H 2 (X; Z) (i.e. its Poincaré dualĉ(s) = c 1 (W + s ) reduces mod 2 to w 2 (X)). In this set up we can view the Seiberg-Witten invariant as integer valued function
The Seiberg-Witten invariant SW X is a diffeomorphism invariant and its sign depends on an orientation of
If SW X (β) = 0, then we call β a basic class of X. It is a fundamental fact that the set of basic classes is finite. It can be shown that, if β is a basic class, then so is −β with
where e(X) is the Euler number and sign(X) is the signature of X.
Theorem 1.1. [T] Suppose that X is closed symplectic 4-manifold with b 
, where g is genus of surface Σ and χ h = (e + σ)/4.
Proof. Notice that the above simply follows from the facts e(
If X, Y are symplectic manifolds and Σ is symplectic submanifold then according to theorem of Gompf [G] X# Σ Y admits a symplectic structure. We will use the following recent theorem of M. Usher [U] to show that the symplectic manifolds constructed in Sections 4 and 5 are minimal. 
Main Building blocks
Our building blocks will be the symplectic cohomology
the recent construction of the author and the manifold T 2 ×S 2 #4CP 2 .
3.1. Matsumoto fibration. First, recall that the manifold Z = T 2 × S 2 #4CP 2 can be described as the double branched cover of
where branch set B 2,2 is the union of two disjoint copies of S 2 ×{pt} and two disjoint copies of {pt}×T 2 . The branch cover has 4 singular points corresponding to number of intersection of horizontal lines and vertical toris in the branch set B 2,2 . After desingularizing the above singular manifold, one obtains T 2 ×S 2 #4CP 2 . The vertical fibrations of S 2 ×T 2 pull back to give fibrations of T 2 × S 2 #4CP 2 over S 2 . A generic fiber of the vertical fibration is the double cover of T 2 , branched over 2 points. Thus a generic fiber will be a genus two surface. According to Matsumoto [M] , this fibration can be perturbed to be Lefschetz fibration over S 2 with global monodromy (β 1 β 2 β 3 β 4 ) 2 = 1, where the curves β 1 , β 2 , β 3 and β 4 are shown in Figure 1 . 
we have the following identification of the fundamental group of Z:
erated by two of these generators (say a 1 and b 1 ). The other two generators a 2 and b 2 are the inverses of a 1 and b 1 in the fundamental group. Also, the fundamental group of the complement of Σ
It is generated by a 1 and b 1 . The normal circleλ to Σ ′ 2 can be deformed using a sphere section, thus trivial in
Lemma 3.1. c 1 2 (Z) = −4, χ h (Z) = 0 and K Z = 2U + E 1 + E 2 + E 3 + E 4 , where K Z is canonical class of the symplectic structure on Z, U is class of T 2 and E i are the exceptional classes.
Later follows from the generalized adjunction inequality and the blowup formula for SeibergWitten invariants.
Symplectic 4-manifolds cohomology equivalent to S
2 × S 2 . Our second building block will be the cohomology S 2 × S 2 [A1] . For sake of completness, the details of this construction are included below.
Let K be a genus one fibered knot (i.e. trefoil or figure eight knot) in S 3 and m a meridional circle to K. Perform 0-framed surgery on K and call the resulting 3-manifold by M K . The manifold M K has same integral homology as S 2 × S 1 , where class of m generates H 1 . Since the knot is genus 1 fibered knot, it follows that the manifold M K × S 1 is a torus bundle over the torus which is homology equivalent to T 2 × S 2 .
Since K is fibered knot, M K × S 1 admits symplectic structure. Note that there is section s :
1 is generated by the standard first homology classes of the torus section, and the classes of circles γ 1 , γ 2 of fiber F of the given fibration is trivial in homology. Smoothly embedded torus section T m = m × S 1 has a self-intersection zero and the neighborhood of the torus
We form a twisted fiber sum of the two copies of the above manifold M K × S 1 where we identify the fiber of one fibration to the base of other. Let Y K denote the mentioned twisted fiber sum
Let T 1 be the section of the first copy of M K × S 1 in Y K and T 2 be the fiber of the second copy. Then T 1 #T 2 symplectically embeds in Y K [FS2] . Now suppose that Y K is the symplectic 4-manifold given, and Σ 2 = T 1 #T 2 is the genus two symplectic submanifold of self-intersection zero sitting inside of Y K . Let (m, x, γ 1 , γ 2 ) be the generators of H 1 (Σ 2 ). We choose the diffeomorphism φ : T 1 #T 2 −→ T 1 #T 2 of the Σ 2 that changes the generators of the first homology according to the following rule φ(m ′ ) = γ 1 , φ(γ 1 ′ ) = m, φ(x ′ ) = γ 2 and φ(γ 2 ′ ) = x. Next we take the fiber sum along the genus two surface Σ 2 = S and denote the new symplectic manifold as
In [?] we show that the manifold X K has a trivial first Betti number and has integral cohomology of S 2 × S 2 . H 2 (X K , Z) = Z ⊕ Z, where base for the second homology are classes of the Σ 2 = S and the new genus two surface T resulting from the fiber sum. Also, S 2 = T 2 = 0 and S · T = 1. Furthermore c 1 2 (X K ) = 8, σ(X K ) = 0 and χ h (X K ) = 1. It follows from Theorem 2.3 that Y K and X K are both minimal.
Step 1: Fundamental Group of M K ×S
1 . We will assume that K is trefoil. Let a, b and c denote the Wirtinger generators of the trefoil knot. The knot group of the trefoil has the following presentation < a, b, c|abc
3 > where u = bab and v = ab. The homotopy classes of the meridian and the longitude of the trefoil are given as follows:
. Also, the homotopy classes of γ 1 = a −1 b and γ 2 = b −1 aba −1 . Notice that the fundamental group of M K , 0-surgery on the trefoil, is obtained from the knot group of the trefoil by adjoining the relation l = u 2 (uv
Step 2: Fundamental Group of Y K . Next we take a two copies of the manifold M K ×S 1 . In the first copy, take a tubular neighborhood of the torus section T m , remove it from M K × S 1 and denote the resulting manifold as C B . In the second copy, we remove a tubular neighborhood of the fiber and denote it by C F . Let Y K denote the fiber sum
we glue C B and C F along their common boundary
We have π 1 (C B ) = π 1 (K)⊕ < x > where x is the generator corresponding to the S 1 copy. The new circle λ, resulting from the removal of the torus S 1 × D 2 = m × D 2 from the 3-manifold M K , is longitude of the knot K, thus trivial in the homology.
To compute the fundamental group of the C F , we will use the following observation:
it is the preimage of the small disk on T m = m ′ ×y and T m \D 2 is homotopy equivalent to wedge of two circles. The generators of the fundamental group y and m ′ of the new base do not commute anymore but y still commutes with generators of γ ′ 1 and γ ′ 2 of the π 1 (F ) which injects into π 1 (M K × S 1 ). The fundamental group and the first homology of the C F will be isomorphic to the followings 
Step 3: Fundamental Group of X K . Finally, we carry out the computations of the fundamental group and the the first homology of
Again, by applying Van Kampen's theorem we have
By abelianizing π 1 (X K ), we get H 1 (X K ) = 0 Notice that it follows from our gluing that the standard generators of the fundamental group of Σ 2 are a −1 b, b −1 aba −1 , c and y. Proof. Notice that K M K ×S 1 = 0 when K is trefoil. We have the following by the canonical class formula for a fiber sum
Proof. A canonical class K X K can be computed using the previous lemma and a fiber sum formula:
In this section, we construct a simply connected, symplectic 4 manifold homeomorphic but not diffemorphic to 3 CP 2 #7 CP 2 . We use the Seiberg-Witten invariants to distinguish it from 3 CP 2 #7 CP 2 .
Our manifold X will be the symplectic fiber sum of X K and T 2 × S 2 #4CP 2 along the genus two surfaces Σ 2 = S and Σ ′ 2 . We choose the gluing diffeomorphism ψ :
Lemma 4.1. X is simply connected.
Proof. By Van Kampen's theorem we have
Notice that the nontrivial generator λ of X K becomes trivial in X. Also, using the relations
−1 a 1 = a 1 a 2 = 1, we get following relations in the fundamental group of X:
Notice that the fundamental group of Z is an abelian group of rank two). In addition, we have the following relations in π 1 (X) coming from the fundamental group of
−1 = f and ef e = f ef . These set of relations give rise to the following identities
Next multiply the relation (3) by a from the left and use aba = bab. We have yaba = ba 2 =⇒ ybab = ba 2 . By cancelling the element b, yab = a 2 . Finally applying the relation (3) again, we have ba = a 2 . Later implies that b = a. Since a = bc, dcd = cdc, b = d −1 cdc −1 and yb −1 aba −1 = 1, we obtain c = d = y = a = b = 1. Furthemore, we have the following relations in π 1 (X) coming from the fundamental group of
−1 = f and ef e = f ef . Thus, we can conclude that the elements a, b, x d, e, f , z, g, h and t are all trivial in the fundamental group X. Notice that, we identified a −1 b and b
with generators a 2 and b 2 of the group Z ⊕ Z, which forces a 2 and b 2 to be trivial in the fundamental group of X. This proves that X is simply connected.
Lemma 4.2. c 1 2 (X) = 12, σ(X) = −4 and χ h (X) = 2 In this section, we construct a simply connected, symplectic 4 manifold homeomorphic but not diffemorphic to CP 2 #5 CP 2 .
The manifold Y will be the symplectic fiber sum of Y K and T 2 × S 2 #4CP 2 along the genus two surfaces Σ 2 = S and Σ Again, by Gompf's theorem [G] that Y = Y K # Σ T 2 × S 2 #4CP 2 is symplectic.
Lemma 5.1. Y is simply connected.
Using the exact same argument as in proof of lemma, we have π 1 (Y ) = 0.
Lemma 5.2. K Y = 2F + 2S + 2U + E 1 + E 2 + E 3 + E 4 , where K Y is the canonical class of the symplectic structure on Y .
Proof. Applying the canonical class formula for a fiber sum and using the lemmas 3.1 and 3.2 above, we have K Y = K Y K + K Z + 2S = 2F + 2S + 2U + E 1 + E 2 + E 3 + E 4
